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Validity of Nonlinear Beam Models for Axial Flow Flutter
Katelynn Huneycutt, Spencer Wilder, Justin Webster, Jason Howell

Department of Mathematics, College of Charleston

Introduction

Flutter is a sustained (usually periodic)
response of a structure to a fluid, occurring
when the fluid excites the structure’s natural
modes.

Left: Torsional flutter of the Tacoma Narrows bridge.
Right: NASA Prototype with transonic and super-
sonic flight envelope.
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Figure: Axial Flow Flutter for a 1-D structure in a 2-D
flow

Goals

• Determine parameter influence on flutter
dynamics; ascertain critical values for the
onset of instability

• Analyze qualitative properties of flutter
behavior; asymptotic behavior of solutions to
fluid-structure partial differential equations
(PDEs)

• Compare simulated dynamics to theoretical
predictions and known experimental results;
assess validity of flutter models

Model Specifics

• Axial vs. Normal Flow

Axial

Normal

• Boundary Conditions
• Clamped-Clamped:

• Hinged-Hinged

• Clamped-Free

• Inextensible (w ≥ 0) or Extensible (w = 0)

x

z

L0

u

w∇φ ≡ 〈U, 0〉

x

z

L0

u

∇φ ≡ 〈U, 0〉
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Significance of Nonlinearity

• Linear models may be utilized to predict the onset of flutter.
• Flutter itself corresponds to unstable linear dynamics.
• Studies of the post-flutter regime must be nonlinear.
• Including a physical restoring force bounds displacements, at the cost of highly nonlinear

dynamics.
• Non-transient behaviors of solutions to the nonlinear model include: limit cycles, stationary

states, or even chaotic dynamics.

Clamped-Free Nonlinear Beam Model

u(x, t): beam transverse displacement at x at
time t

utt +D∂4
xu + k0ut +M(u)uxx = −β(ut + Uux)

M(u) = (b1 − b2||ux||2)
u(t = 0) = u0; ut(t = 0) = u1

u(0) = ux(0) = 0;
uxx(L) = 0; Duxxx(L) +M(u)ux(L) = 0.

Model Parameters

U : Unperturbed flow velocity
D: Material stiffness coefficient
k0: Structural (frictional) damping
b1: In-plane tension or compression at rest
b2: Physical parameter measuring strength of
the nonlinearity
µ: Physical parameter dependent on local
density of air

β = µU
2
√
U 2 − 1

Linear vs. Nonlinear

• Linear dynamics: exponential (in)stability
• Nonlinear dynamics: stable, limit cycles, or

aperiodic; bounded

Figure: b2 = 0 vs. b2 = 1.0 for L = 200, U = 4.0, k0 = 0.

Energy Relations (b1 = 0)

Ê(t)+ (k0 + β)Dt
0 = Ê(0)

+ βU
∫ t

0

∫ L

0
[ux(ξ, τ )][ut(ξ, τ )]dξdτ

Ê(t) = E(t) + b2

4

(∫ L

0
[ux(ξ, τ )]2dξdτ

)2

Ê(t) ≤ C(D, β, U, L, b2), ∀ t ≥ 0; E(t) can ↗ +∞

Effects of b2

Figure: Tip displacements for b2 = 0.1, 1, 10, L = 200,
U = 4.0,k0 = 0.

Greater b2 values lead to limit cycles with smaller
amplitudes

Figure: Tip displacements for b2 = 0.1,1, 10, L = 200,
U = 2.0,k0 = 0.

Nonlinearity and Damping

Figure: Tip displacements of Linear Model (left) and
Nonlinear Model (right) with, U = 6, β = 0, k0 = .00215,
b2 = 1.0, L = 300

Significance of Nonlinear BCs

Figure: Log-Scale Energy Plots of Nonlinear Model with
Linear BC (left) and Nonlinear BC (right), β = 0, k0 = 0,
b2 = 1.0, L = 300

Nonlinear model is physical only when the non-
linear boundary condition is implemented.

Results

• Critical values of U found using linear
model agree with nonlinear model

• Energy is not conserved in the nonlinear
model with linear boundary condition

• Limit cycles occur above the flutter point
• Observed exponential decay to zero below

the flutter point
• The effects of damping in the nonlinear

model are more pronounced

Conclusion

• Nonlinearity has negligible effect on critical U
values

• Magnitude of b2 affects the boundedness of
the solution

• Nonlinearity also affects dynamics below the
flutter point

• Nonlinear model should not be used with
linear boundary conditions.

Future Work

• Full von Karman structural model (accounting
for both in-plane and out-of plane dynamics)

• Full Potential Flow (Coupled Fluid-Structure
Interaction)

• Inextensible Beam Model:
utt + A(u)(x, t) = p(x, t) in (0, L)× (0, T )
u = ux = 0 in {0} × (0, T )
uxx = 0; uxxx = 0 in {L} × (0, T )
u(0) = u0, ut(0) = u1

A(u) =−D∂x
[
(uxx)2ux

]
+D∂xx

[
uxx
(
1 + (ux)2

)]
+ ux

[
−
∫ x

0

(
(uξt)2 + uξttuξ

)
dξ
]

+ uxx

∫ L

x

[ ∫ ξ2

0

(
(wξt)2)wξttwξ

)
dξ1
]
dξ2
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