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Numerical Analysis and Computation of Fluid/Fluid
and Fluid/Structure Interaction Problems

Jason S. Howell

Fig. 1. Plot of the magnitude of the velocity (upper left) and axial component (x-direction) of the stress (upper right) of a
steady viscoelastic fluid flow in a simple planar channel with an enlargement (motivated by a simple model of a small arterial
aneurysm). This component of the stress is the most pronounced at the entrance and exit of the enlargement. The magnitude
of the shear stress (center) of the viscoelastic fluid along the upper wall is significantly different than that of a Newtonian fluid,
despite having an almost identical velocity field.

1. General Research Interests. In a broad sense, my research interests consist of applying techniques
from numerical analysis and computational mathematics to solve problems in applied mathematics. Many of
these problems arise from continuum models of physical, geophysical, and biological phenomena, and often
result in linear or nonlinear partial differential equations. These techniques include numerical methods for
differential equations, numerical linear algebra, iterative linear and nonlinear solvers, finite element and finite
difference discretization methods, and numerous other topics. I always enjoy learning about and working on
new problems as well.

2. Overview of Current and Recent Research Activity. Much of my current research is motivated
by various aspects of problems arising in the modeling of coupled systems which exhibit dynamic two-way
mechanical interaction between the subsystems. Typical examples of real problems that illustrate this
behavior include large-scale models of ocean circulation driven in part by interaction with atmospheric
motion, and models of blood flow in arteries of large and medium diameter. There is a need for stable
and efficient algorithms to estimate solutions to these coupled systems, for example, to predict outcomes
of surgical procedures or simulate the spread of a contaminant in the ocean due to varying wind patterns.
These problems fall into larger classes of fluid/fluid and fluid/structure interaction problems.

With these motivating problems in mind, the primary objective of my current research program is to
make meaningful contributions to the analysis and numerical simulation of fluid/fluid and fluid/structure
interaction problems. Two areas of research that I am currently active in are:

• Numerical methods for fluid/fluid and fluid/structure interaction, including decoupled timestepping
methods for simulation of large-scale ocean-atmosphere interaction models, and numerical analysis
of a coupled viscoelastic fluid/elastic membrane model of arterial blood flow.

• Finite element methods for fluid and solid mechanics, including single and twofold saddle point
problems, inf-sup conditions, dual-mixed methods, methods for symmetric and nonsymmetric stress
approximation, and a posteriori error estimation.

In what follows, I will briefly discuss each of these topics and outline my research investigations, accom-
plishments, and objectives. I also have an interest in numerical methods for non-Newtonian fluids, including
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defect-correction and continuation methods for the high Weissenberg number problem, and methods for
fluids with shear-thinning and differential-type constitutive laws, building on past and current research in
this area [17, 18, 26, 30].

3. Numerical Methods for Fluid/Fluid and Fluid/Structure Interaction. There are inherent
issues with the development of stable numerical schemes for systems that have significant two-way interac-
tion, including accurately capturing the transport of the domain geometry [35] and added-mass effects [10].
Problems also arise when legacy codes, highly optimized for particular processes, are considered the bench-
mark for solving the individual subproblems and a solution approach involves combining these black-box
subsystem solvers.

One approach to coupled problems is monolithic solution methods. In these methods, the globally
coupled problem is assembled at each time step and then solved by iterative methods (with perhaps some
uncoupling in preconditioning and residual calculations). With very large problems or when using legacy
codes, partitioned time stepping algorithms which decouple the equations in each subdomain are preferred.
In these, each time step involves passing information across the interface followed by solving the individual
subproblems independently. Typical applications in which a partitioned time stepping approach would be
desirable include atmosphere-ocean coupling and fluid-solid interaction problems, such as cardiovascular fluid
dynamics.

3.1. Numerical approximation of viscoelastic flows in a moving domain. Human blood is often
modeled as a shear-thinning or viscoelastic fluid [22]. Blood flow in arteries of medium to large diameter is
often modeled as a coupled system with fluid flowing inside a compliant elastic tube. The elastic tube deforms
due to the pressure exerted by the fluid on the inner surface, and subsequently returns this accumulation of
elastic energy to the fluid, influencing flow. This mechanical interaction between the vessel and the fluid is
strongly nonlinear and poses significant mathematical and numerical challenges. The Arbitrary Lagrangian
Eulerian (ALE) formulation of the fluid equations can be used to accommodate the motion of the boundary of
the fluid domain, and appropriate time integration methods that satisfy certain geometric conservation laws
are necessary. In joint work with H. Lee and S. Xu [31], we derived and analyzed numerical approximation
schemes for a viscoelastic fluid of Johnson-Segalman type within a moving domain. We employed the ALE
approach and derived first- and second-order methods in time, using finite elements in space, and showed that
these methods are stable under certain conditions. This serves as a first step towards coupling a viscoelastic
fluid with an elastic structure. One of the primary objectives of this line of studies is to determine if fluid
velocities and stresses in simulations of viscoelastic and shear-thinning viscoelastic flows in various arterial
geometries are significantly different than those obtained when the fluid is assumed to be Newtonian.

3.2. Partitioned timestepping for a two-domain parabolic problem. In collaboration with J.
Connors and W. Layton [15], we investigated a simplified model of diffusion in two adjacent materials which
are coupled across their shared and rigid interface I through a jump condition. This problem captures some
of the time-stepping difficulties of the approximation of coupled systems with two-way interaction. The
domain consists of two subdomains Ω1 and Ω2 coupled across an interface I by a condition that conserves
energy dissipation across I (an example of this geometry is given in Figure 1 at the beginning of this
document). The problem is: given νi > 0, fi : [0, T ]→ H1(Ωi), ui(0) ∈ H1(Ωi) and κ ∈ R, find (for i = 1, 2)
ui : Ωi × [0, T ]→ R satisfying

ui,t − νi∆ui = fi, in Ωi, (3.1)

−νi∇ui · n̂i = κ(ui − uj), on I, i, j = 1, 2 , i 6= j , (3.2)

ui(x, 0) = u0
i (x), in Ωi, (3.3)

ui = gi, on Γi = ∂Ωi \ I. (3.4)

To compute approximate solutions to the above problem, first order in time, fully discretized numerical
methods are presented. The methods studied consist of (i) a coupled fully implicit approach, (ii) an implicit-
explicit (IMEX) approach, and (iii) a partitioned scheme. The latter schemes allow for the decoupling of
the global problem into separate problems on each subdomain Ωi. The characteristic feature of the IMEX
method is the lagging (by a single time step) of the action across the interface I. The partitioned method
differs in that information is shared across the interface in a manner that still allows for decoupling. Both
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methods are shown to be stable and convergent, with the stability of the IMEX scheme requiring a time step
restriction dependent upon κ, ν1 and ν2, while the partitioned method is unconditionally stable. Numerical
experiments on test problems support these results.

3.3. Decoupled time stepping methods for fluid-fluid interaction. In [16], we consider a system
of two Newtonian fluids which are coupled across a mean interface I (“rigid lid”) that may represent a
long-time averaged ocean-atmosphere interface. The fluids are modeled by the Navier-Stokes equations in
each subdomain (see Figure 1) and the interface transmission condition is nonlinear [34]. The problem is:
given νi > 0, fi : [0, T ] → H1(Ωi), ui(0) ∈ H1(Ωi) and κ ∈ R, find (for i = 1, 2) ui : Ωi × [0, T ] → Rd and
pi : Ωi × [0, T ]→ R satisfying

ui,t + ui · ∇ui − νi∆ui +∇pi = fi, in Ωi, (3.5)

−νi∇ui · n̂i = κ(ui − uj)|ui − uj |, on I, i, j = 1, 2 , i 6= j , (3.6)

ui(x, 0) = u0
i (x), in Ωi, (3.7)

ui = gi, on Γi = ∂Ωi \ I. (3.8)

In [16], a first-order partitioned timestepping method based on a geometric averaging technique for the
coupled interface terms is derived and shown to be unconditionally stable and convergent. The method
successfully decouples the global problem into two subdomain problems without a loss of accuracy. Numerical
experiments that compare the accuracy of the partitioned method to that of a first-order fully coupled implicit
method and a first-order implicit method are performed. In [14], the partitioned method is extended to the
case where multiple time substeps can be used in one subdomain for each single step in the other subdomain,
an approach that is well-suited to handle the multiscale dynamics of the system.

3.4. Ongoing and future work. Ongoing/future work in numerical methods for coupled systems
includes:

• Analysis and computations of fluid/structure problems, motivated by arterial blood flow, using shear-
thinning viscoelastic constitutive models, and extensions to 3-D fluid/3-D structure computations,
and the study of partitioned time-stepping algorithms for these problems.

• Construction and theoretical justification of higher-order decoupling schemes for the two-domain
parabolic problem, as well as the application of these methods to a two-domain parabolic problem
with a nonlinear interface condition.

• Construction and theoretical justification of higher-order decoupling schemes for the two-domain
ocean-atmosphere model.

4. Finite Element Methods for Fluid and Solid Mechanics. Variational methods serve as one of
the main approaches to the analysis of partial differential equations. Numerical approximation to variational
problems is often accomplished by the finite element method, which is constructed upon a rich mathematical
framework consisting of classical results in PDE theory and functional analysis. The finite element method
is often applied to problems in fluid and solid mechanics, and further study of new methods and algorithms
aids our understanding of the finite element method and is fundamental to expanding the range of problems
that can be analyzed using finite elements.

4.1. Inf-sup conditions for twofold saddle point problems. A common approach used in finite
element methods for fluid and solid mechanics is a mixed method, which introduces an auxiliary (often
physically relevant) variable into the variational formulation to enforce a constraint or property. The theory
of mixed methods is well-established [5], and they often result in saddle point variational problems. An inf-
sup condition is necessary for a saddle point problem to be well-posed, and the proof of an inf-sup condition
depends on properties of the function spaces and linear operators involved.

When multiple variables are introduced into the variational formulation, the resulting form is often that
of a twofold saddle point problem. Two examples of such problems are: given f, g1, g2, find (u, p1, p2) ∈
U × P1 × P2 satisfying A −BT

1 −BT
2

B1 0 0
B2 0 0

 u
p1

p2

 =

 f
g1

g2

 or

 A 0 −BT
1

0 0 −BT
2

B1 B2 0

 u
p1

p2

 =

 f
g1

g2

 . (4.1)
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Here U , P1 and P2 are Banach spaces, A : U → U ′ may be linear or nonlinear, B1 and B2 are linear operators,
and (f, g1, g2) ∈ U ′ ×P ′

1 ×P
′

2 (the dual spaces of U , P1, and P2). In joint work with N. Walkington [33], we
study well-posedness of twofold saddle point problems of types (4.1). This extends the existing twofold saddle
point theory in [23], [19], and [25] to show that certain sets of inf-sup conditions involving the operators B1

and B2 (separately) are equivalent to conditions involving B1 +B2. The utility of this analysis includes:
• When showing that a problem is well-posed, the equivalence of sets of inf-sup conditions allows one

to use whichever set of conditions is the most convenient to prove.
• That twofold saddle point problems of type (4.1) can be treated as single saddle point problems,

and the existing collection of results for single saddle point problems can directly be applied.

4.2. Dual-mixed finite element methods for second order elliptic problems. Twofold saddle
point problems often arise from a dual-mixed variational approach, in which two auxiliary variables are
introduced to obtain an alternate formulation of the variational problem. Advantages of such an approach
usually include a reduced regularity requirement on a variable of interest, allowing for more flexibility when
choosing particular finite element spaces and making the method well-suited for adaptive computation.

A prototypical problem is

−divS = f , divu = 0, S = −pI +A(D(u)), (4.2)

coupled with the appropriate (Dirichlet, Neumann, or mixed) boundary conditions. Let Ω ⊂ Rd be the
domain and ∂Ω = Γ0 ∪ Γ1. Then typical boundary conditions would be

u|Γ0
= u0, Sn|Γ1

= s.

In the case of creeping fluid flows (Stokes), S represents the fluid stress, u the fluid velocity, p the fluid
pressure, D a differential-type operator (e.g., symmetric part of the gradient), and A a general constitutive
operator that may be linear or nonlinear. The fluid wall shear stress vector t, an important quantity in many
applications, can be computed as [21]

t = Sn− ((Sn) · n)n, (4.3)

where n is the outer unit normal vector to the domain boundary. A standard mixed approach of (4.2)
is derived by (if possible) eliminating S and posing the variational problem in u and p. The dual-mixed
formulation of (4.2) is derived by retaining S in the formulation and setting G = D(u). Additionally, the
condition div u = 0 can be rewritten as tr(G) = 0. Let U = L2(Ω)d,

D = {G ∈ L2(Ω)d×dsym}.

and S(s) be the elements in S ∈H(Ω; div)sym for which Sn|Γ1 = s. Then (G,u, S, p) ∈ D×U×S(s)×L2(Ω)
satisfies ∫

Ω
(A(G) : F − S : F − pI : F ) = 0, ∀F ∈ D,∫

Ω
(G : T + qI : G+ u · divT ) =

∫
Γ0
u0 · Tn, ∀(T, q) ∈ S(0)× L2(Ω),∫

Ω
−divS · v =

∫
Ω
f · v. ∀v ∈ U.

(4.4)

The above formulation yields a twofold saddle point problem of the second type in (4.1). When the function
space in which G resides can be restricted to the space of tensors with zero trace D0 := {G ∈ D | tr G = 0},
then the pressure p can be eliminated from (4.4) and the problem is posed in (G,u, S) only. This is the
approach in [27, 28, 30, 33, 32].

4.2.1. Dual-mixed finite element methods for the Navier-Stokes equations. The steady-state
Navier-Stokes equations extend the Stokes problem (4.2) to include inertial effects:

(1/2)(u · ∇)u− divS = f , S = A(∇u)− pI − (1/2)u⊗ u, divu = 0, (4.5)
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coupled with appropriate boundary conditions. In joint work with N. Walkington [32], we derive a dual-
mixed formulation for (4.5) that approximates the stress S, the velocity u, and the velocity gradient G = ∇u
directly. This formulation utilizes the identity

(u.∇)u = (1/2)(∇u)u+ (1/2)div (u⊗ u) when divu = 0.

Using the function spaces U = L2(Ω)d,

G = {G ∈ L2(Ω)d×d | tr(G) = 0}, S =

{
S ∈ L2(Ω)d×d | divS ∈ L2(Ω)d and

∫
Ω

tr(S) = 0

}
,

the variational problem becomes: find (G, u, S) ∈ G× U× S,∫
Ω

(A(G) : H − (1/2)(u⊗ u) : H − S : H) = 0, H ∈ G,∫
Ω

((1/2)Gu · v − divS · v) =

∫
Ω

f · v, v ∈ U, (4.6)∫
Ω

(G : T + u · divT ) = 0, T ∈ S.

With this formulation, the symmetry of stress tensor is enforced weakly. In [32] we prove that the continuous
problem (4.6) and the corresponding discrete variational problem are well-posed and derive standard a priori
and error estimate. We also describe the compatibility conditions for finite element spaces and present
several examples of compatible spaces in two and three space dimensions. A novel contribution is presented
by applying the Boffi-Brezzi-Fortin theory [4] to derive a new family of finite elements in two and three space
dimension for this problem.

In many relevant applications, such as computation of blood flow in arteries, the fluid stress is a physical
variable of significant interest. One important aspect of the stress is the fluid constitutive relationship. If
the fluid is Newtonian, then the operator A in (4.2) is simple and linear, but if the fluid is non-Newtonian,
this relationship may be nonlinear, or possibly even implicit. Not only does the constitutive relationship of
the fluid significantly impact the structure of the equations in (4.2), it also can significantly influence the
behavior of the fluid stress, even for simple, steady flows. An example of this is demonstrated in Figure 1
on Page 1.

The dual-mixed methods developed here are appropriate for non-Newtonian fluids, and they are designed
to compute the stress more accurately than classical finite element methods that use the velocity-pressure
formulation of the Navier-Stokes equations in which the computed velocity must be postprocessed to compute
an approximation to the fluid stress. This postprocessing usually requires numerical differentiation of a
piecewise polynomial function, and is inherently an unstable process.

The significance of this can be demonstrated with a simple numerical example, in which approximations
of (4.2) (Newtonian case) were computed using the classical mixed finite element method and the dual-
mixed method. The choices of finite element spaces compare well, as theoretical error estimates are of the
same magnitude (O(h2)) for the L2 norm of the velocity. Computations were performed for the choices
Ω = [0, 1]× [0, 1] and ν = 1. The function f was chosen so that the velocity and pressure are

u =

[
− sin(2πx) cos(2πy)
cos(2πx) sin(2πy)

]
, p = cos(2πx) sin(2πy).

To approximate S using the mixed method, the velocity gradient ∇uh was computed directly by numerical
differentiation as well as by L2 projection, which involves computing an approximate discrete gradient G(uh)
solving the variational problem (G(uh), z) = (∇uh, z) for all z in an appropriate polynomial tensor space (in
this case discontinuous piecewise linears). Note that this method also relies on the numerically differentiated
velocity approximation. In Figure 1, the errors ‖u − uh‖L2 are plotted against decreasing mesh size. It is
clear that both methods approximate the velocity with the same order of accuracy.
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Fig. 1. L2 errors of velocity approximations for both methods.

However, as shown in Figure 2, as the mesh is refined, the stress and wall shear stress (WSS) approxi-
mations from the mixed method do not converge to the true solution on the same order as the dual-mixed
method, due to the simple fact that postprocessing the velocity approximation is necessary to obtain a stress

approximation. (The WSS error is computed as 〈t− th, t− th〉1/2
Γ .)
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Fig. 2. L2 errors of stress and wall shear stress approximations for the dual-mixed method as well as postprocessed
velocity approximations from the mixed method.

Figure 3 shows a plot of the approximation of S11 computed for h = 1/64 by each method along the
line x = 0.25, where the true value of S11 is 0. The dual-mixed stress approximation is very close to the
true value, while the numerically differentiated approximation varies widely. This differentiation error also
pollutes the L2 projected stress approximation.
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Fig. 3. Plot of S11 along the line x = 1/4 using the different approximation methods, h = 1/64.

It is clear from the examples above that direct computation of fluid stress and other important quantities,
such as wall shear stress, using a dual-mixed approach can be superior to using postprocessing techniques on
velocity approximations from traditional mixed methods. Additionally, a small approximation error in the
velocity of the mixed method will not necessarily indicate a good approximation error for the stress, with
stress errors being as much as two or three orders of magnitude larger. When the application of interest
depends more heavily on the stress than the velocity, as is the case in many hemodynamic applications, a
method that computes the stress directly is desirable.
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4.2.2. Symmetric finite elements for the stress tensor. The issue of finding symmetric tensor
finite elements that are H(Ω; div) conforming is well-documented [5, 1, 2], and in [3], Arnold and Winther
describe new 2-D finite elements for the finite dimensional subspaces Sh and Uh satisfying a div inf-sup
condition in the approximation of elasticity problems. In joint work with N. Walkington [33], we extend
these elements to the dual-mixed Stokes problem (4.4). This requires finding a finite element space for D0

h

that satisfies the inf-sup condition

inf
Sh∈Sh

sup
Gh∈D0

h

∫
Ω
Gh : Sh

‖Gh‖ ‖Sh‖
≥ β > 0.

Through a macroelement technique, we prove that in the lowest-order Arnold-Winther case, it is sufficient
to use piecewise discontinuous polynomials of degree 2 for the two independent components of Gh.

4.2.3. Pseudostress methods for the steady and generalized Stokes problems. When Γ1 = ∅
and the operator A is linear (or nonlinear with certain properties), the steady Stokes problem (4.2) and the
subsequent variational formulation (4.4) can be written in terms of a pseudostress variable, ψ ∈H(Ω; div),
relaxing the symmetry requirement for finite elements that approximate the stress. In [27], I have shown that
with G = ∇u, the pressureless version of (4.4) is well-posed in the continuous case. It is also shown there
that the discrete problem is well-posed when the finite element space for ψh is constructed from Raviart-
Thomas elements of order k and the components of Gh and uh are discontinuous piecewise polynomials of
degree k, in two or three space dimensions. This extends results from [24, 18] to the case of trace-free Gh.

The generalized Stokes problem is the same as (4.2) with the first equation having an additional zeroth-
order u term: αu − divS = f , which arises in temporal discretizations of the evolutionary Stokes and
Navier-Stokes systems. In [28], I have shown that the same finite element spaces used in [27] (as well as
Brezzi-Douglas-Marini elements [5] for pseudostress) can be applied to this problem. This improves the
existing dual-mixed approach in [6] which requires the space of tensors Dh to be enriched to include the
deviatoric of ψh, and the overall result is a one-third reduction in the global degrees of freedom in the
lowest-order 2-D case. Two new penalty methods for the steady dual-mixed Stokes problem are also derived
in [29], and it is shown that the global problem can be reduced to a problem in pseudostress only or a
problem in Gh and uh only. The work in [27, 28] also provides an alternative to other pseudostress methods
[7, 9, 8], which require the analytic inversion of the constitutive operator A.

4.2.4. Hybridization of dual-mixed methods for elliptic problems. In joint work with B. Cock-
burn [13], we are adapting the hybridization technique of [12] to the dual-mixed methods in [27] and [28].
The only globally coupled degrees of freedom in the resulting hybrid method are those of an approximation
to the velocity on the boundaries of the individual elements in the triangulation, and the linear system that
results is symmetric positive definite. The remaining solution components can then be solved for on an
element-by-element basis, allowing for easy parallelization and computational flexibility.

4.3. Ongoing and future work. Ongoing/future work in finite element methods for fluid and solid
mechanics includes:

• Numerical studies involving the dual-mixed method for the Navier-Stokes problem.
• Preconditioning strategies and iterative solution methods for the linear systems arising in dual-mixed

finite element formulations.
• Dual-mixed approaches for elasticity and fluids with new finite elements designed for weak symmetry

[11].
• Dual-mixed approaches for the for the Monge-Ampère equation [20].
• Future investigations will lead to applications of the twofold saddle point structure in evolution

problems as well as in coupled fluid and elasticity problems arising in fluid/structure interaction
models.
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